In this paper, we present some fixed point results in the setting of a complete metric spaces by defining a new contractive condition via admissible mapping imbedded in simulation function. Our results generalize and unify several fixed point theorems in the literature.
Very recently, in [10] , Khojasteh et al. proposed the notion of simulation function to unify the several existing fixed point results in the literature. In this paper, we investigate the existence and uniqueness of fixed points of certain mappings via simulation functions in the context of complete partially ordered metric spaces. We shall also indicate that several results in the literature can be derived from our main results. 
are two continuous functions with respect to each variable such that f (t, s) > (t, s) for all t, s > 0.
is a function such that lim sup t→r + ϕ(t) < 1 for all r > 0, and we define
is an upper semi-continuous mapping such that η(t) < t for all t > 0 and η(0) = 0, and we define
is a function such that ε 0 φ(u)du exists and ε 0 φ(u)du > ε, for each ε > 0, and we define
It is clear that each function ζ i (i = 1, 2, 3, 4, 5, 6) forms a simulation function.
One can find more interesting examples of simulation functions in [10, 11, 18] . Suppose (X, d) is a metric space, T is a self-mapping on X and ζ ∈ Z. We say that T is a Z-contraction with respect to ζ [10] , if
Again (ζ 2 ), we have the following inequality q(Tx, Ty) q(x, y) for all distinct x, y ∈ X.
Thus, we conclude that T cannot be an isometry whenever T is a Z-contraction. In other words, if a Z-contraction T in a metric space has a fixed point, then it is necessarily unique.
Theorem 0.3. Every Z-contraction on a complete metric space has a unique fixed point. In fact, every Picard sequence converges to its unique fixed point.
Let Ψ be the family of functions ψ : [0, ∞) → [0, ∞) satisfying the following conditions: i) ψ is nondecreasing;
ii) there exist k 0 ∈ N and a ∈ (0, 1) and a convergent series of nonnegative terms
for k ≥ k 0 and any t ∈ R + .
In the literature such functions are called as either Bianchini-Grandolfi gauge functions (see e.g. [20] [21] [22] (i) ψ n (t) n∈N converges to 0 as n → ∞ for all t ∈ R + ;
(ii) ψ (t) < t, for any t ∈ R + ;
(iii) ψ is continuous at 0; (iv) the series
Recently, Samet et al. [14] suggested a new contraction type self-mapping to unify several existing results in the literature by auxiliary functions.
is satisfied for all x, y ∈ X. Definition 0.6. Let T be a self-mapping defined on a metric space (X, d). Then, T is called an α − ψ contractive mapping if there exist two auxiliary mappings α : X × X → [0, ∞) and ψ ∈ Ψ such that
Clearly, any contractive mapping, that is, a mapping satisfying Banach contraction, is an α − ψ contractive mapping with α(x, y) = 1 for all x, y ∈ X and ψ(t) = kt, k ∈ (0, 1). A number of examples of such type mappings are considered in [14] .
The main results in [14] are the following fixed point theorems.
Theorem 0.7. Let T : X → X be an α − ψ contractive mapping where (X, d) is a complete metric space. Suppose that
Then, there exists u ∈ X such that Tu = u.
Theorem 0.8. Adding to the hypotheses of Theorem 0.7 the condition: For all x, y ∈ X, there exists z ∈ X such that α(x, z) ≥ 1 and α(y, z) ≥ 1, we obtain uniqueness of the fixed point.
In this paper, we introduce a new type contractive mapping by using the simulation function together with the admissible mappings in the context of complete metric spaces. We shall also discuss the existing and uniqueness of this new contractive mapping. Moreover, we will list some famous fixed point theorems as consequences of our main result.
Main Results
We start with the following definition. Definition 1.1. Let T be a self-mapping defined on a metric space (X, d). If there exist ζ ∈ Z and α :
then we say that T is an α-admissible Z-contraction with respect to ζ.
If α(x, y) = 1, then T turns into a Z-contraction with respect to ζ.
Remark 1.2.
If T is an α-admissible Z-contraction with respect to ζ, then
To prove the assertion, we assume that x y. Then d(x, y) > 0. If Tx = Ty, then α(x, y)d(Tx, Ty) = 0 < d(x, y). Otherwise, Tx Ty, then d(Tx, Ty) > 0. If α(x, y) = 0, then the inequality is satisfied trivially. So assume that α(x, y) > 0 and applying (ζ 2 ) with (5), we derive that
so (6) holds.
Popescu [16] proposed the concept of triangular α-orbital admissible as a refinement of the triangular alpha-admissible notion, defined in [15] . Definition 1.3. [16] Let T : X → X be a mapping and α : X × X → [0, ∞) be a function. We say that T is an α-orbital admissible if
Furthermore, T is called a triangular α-orbital admissible if T is α-orbital admissible and
It is clear that each α-admissible (respectively, triangular α-admissible) mapping is an α-orbital admissible (respectively, triangular α-orbital admissible ) mapping. For more details and distinctive examples, see e.g. [16, 17] . We can now state the main result of this paper. Theorem 1.4. Let (X, d) be a complete metric space and let T : X → X be an α-admissible Z-contraction with respect to ζ. Suppose that (i) T is triangular α-orbital admissible;
(ii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1; (iii) T is continuous.
Then there exists u ∈ X such that Tu = u.
Proof. Due to the condition (ii) there exists
Define an iterative sequence {x n } in X by letting x n+1 = Tx n for all n ≥ 0. If there exists an n 0 such that x n 0 = x n 0 +1 , then u = x n 0 becomes a fixed point of T. Consequently, we shall assume that x n x n+1 for all n.
So we have
d(x n , x n+1 ) > 0, for all n = 0, 1, . . . .
Regarding that T is α−admissible, we derive
Recursively, we obtain that
From (5) and (8), it follows that for all n ≥ 1, we have
Consequently, we derive that
Hence, we conclude that the sequence {d(x n , x n−1 )} is non-decreasing and bounded from below by zero. Consequently, there exists L ≥ 0 such that lim
Suppose, on the contrary that L > 0. Note that from the inequality (10), we derive that
Letting s n = α(x n , x n−1 )d(x n , x n+1 ) and t n = d(x n , x n−1 ) and taking (ζ 3 ) into account, we get that
which is a contradiction. Thus, we have L = 0. Now, we shall prove that the iterative sequence {x n } is Cauchy. Again we use the method of Reductio ad absurdum. Suppose, on the contrary that, {x n } is not a Cauchy sequence. Thus, there exists ε > 0, for all N ∈ N, there exist n, m ∈ N with n > m > N and d(x m , x n ) > ε. On the other hand, from (11), there exists n 0 ∈ N such that
Consider two partial subsequences x n k and x m k of x n such that
Notice that
where m k is chosen as a least number m ∈ {n k , n k+1 , n k+2 , . . .} such that (15) is satisfied. We also mention that n k + 1 ≤ m k for all k.. In fact, the case n k + 1 ≤ m k is impossible due to (14), (15) . Thus, n k + 2 ≤ m k for all k. It yields that
On account of (15), (16) and the triangle inequality, we derive that
Due to (11), we deduce that
Again by the triangle inequality, together with (17) and ), we also derive that
Analogously, we have
Combining two inequalities above together with (11), we find that
Particularly, there exists n 1 ∈ N such that for all k ≥ n 1 we have
Moreover, since T is triangular α-orbital admissible, we have
Regarding the fact T is an α-admissible Z-contraction with respect to ζ, together with (20) and (21) we get that
for all k ≥ n 1 . Consequently, we have
for all k ≥ n 1 . From above inequality, together with (18) and (19), we conclude that
On account of the above observations and regarding the condition (ζ 3 ), we deduce that
which is a contradiction. Hence, {x n } is a Cauchy sequence. Owing to the fact that (X, d) is a complete metric space, there exists u ∈ X such that
Since T is continuous, we derive (23) that
From (23), (24) and the uniqueness of the limit, we conclude that u is a fixed point of T, that is, Tu = u. Theorem 1.5. Let (X, d) be a complete metric space and let T : X → X be an α-admissible Z-contraction with respect to ζ. Suppose that (i) T is triangular α-orbital admissible; (ii) there exists x 0 ∈ X such that α(x 0 , Tx 0 ) ≥ 1; (iii) if {x n } is a sequence in X such that α(x n , x n+1 ) ≥ 1 for all n and x n → x ∈ X as n → ∞, then there exists a subsequence {x n(k) } of {x n } such that α(x n(k) , x) ≥ 1 for all k.
Proof. Following the proof of Theorem 1.4, we know that the sequence {x n } defined by x n+1 = Tx n for all n ≥ 0, converges for some u ∈ X. From (8) and condition (iii), there exists a subsequence {x n(k) } of {x n } such that α(x n(k) , u) ≥ 1 for all k. Applying (5), for all k, we get that 0 ≤ ζ(α(x n(k) , u)d(Tx n(k) , Tu), d(x n(k) , u)) = ζ(α(x n(k) , u)d(x n(k)+1 , Tu), d(x n(k) , u)) < d(x n(k) , u) − α(x n(k) , u)d(x n(k)+1 , Tu),
which is equivalent to d(x n(k)+1 , Tu) = d(Tx n(k) , Tu) ≤ α(x n(k) , u)d(Tx n(k) , Tu) ≤ d(x n(k) , u).
Letting k → ∞ in the above equality, we have d(u, Tu) = 0, that is, u = Tu.
For the uniqueness of a fixed point of a α-admissible Z-contraction with respect to ζ, we shall suggest the following hypothesis.
(U) For all x, y ∈ Fix(T), we have α(x, y) ≥ 1.
Here, Fix(T) denotes the set of fixed points of T. Theorem 1.6. Adding condition (U) to the hypotheses of Theorem 1.4 (resp. Theorem 1.5), we obtain that u is the unique fixed point of T.
Consequences
In this section, we shall illustrate that several existing fixed point results in the literature can be derived from our main results by regarding Example 0.2.
If ψ ∈ Ψ and we define ζ E (t, s) = ψ(s) − t for all s, t ∈ [0, ∞), then ζ BW is a simulation function (cf. Example 0.2 (v)).
